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Introduction 

The theory of conformal structures arose in studying those properties of Riemannian and 
pseudo-Riemannian manifolds that remain invariant under conformal transformations of 
the metric. This theory was studied by many authors (see, for example, the paper [W 18] 
by Weyl, who first defined the tensor of conformal curvature of a Riemannian manifold, 
and the paper [C 23] by Cartan, who introduced an n-dimensional space with a conformal 
connection). 

Almost Grassmann manifolds were introduced by Hangan [H 66] as a generalization of the 
Grassmannian G{m,n). Hangan [H 66, 68] and Ishihara [I 72] studied mostly some special 
almost Grassmann manifolds, especially locally Grassmann manifolds. Later the almost 
Grassmann manifolds were studied by Goldberg [G 75] , Mikhailov [M 78] and Akivis [A 82a] 
in connection with the construction of the theory of multidimensional webs. Goncharov [Go 
87] considered the almost Grassmann manifolds as generalized conformal structures. 

Baston [B 91] constructed a theory of a general class of structures, called almost Hermi- 
tian symmetric (AHS) structures, which include conformal, projective, almost Grassmann, 
and quaternionic structures and for which the construction of the Cartan normal connec- 
tion is possible. He constructed a tensor invariant for them and proved that its vanishing 
is equivalent to the structure being locally that of a Hermitian symmetric space. In [Go 
87], the AHS structures have been studied from the point of view of cone structures. Bailey 
and Eastwood [BE 91] extended the theory of local twistors, which was known for four- 
dimensional conformal structures, to the almost Grassmann structures (they called them 
the paraconformal structures). Dhooghe [Dh 94] considered the almost Grassmann struc- 
tures (he called them Grassmannian structures) as subbundles of the second order frame 
bundle and constructed a canonical normal connection for these structures. The struc- 
ture equations derived in [Dh 94] are very close to the structure equations of the almost 
Grassmann structures considered in the present paper. 

Note that in the current paper we consider the real theory of conformal and almost 
Grassmann structures while in [Go 87], [B 91] and [BE 91] their complex theory was studied. 

Although some of the authors who studied almost Grassmann structures proved that an 
almost Grassmann structure is a G-structure of finite type two (see [H 80] and [M 78]), no 
one of the authors went further than the development of the first structure tensor. 
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In the current paper we present the main results on the theory of conformal and almost 
Grassmann structures. The presentation is of survey nature, and as a rule, it does not 
contain complete proofs (most of them can be found in the papers [A 82a, b; 83, 85], [AK 
93], [G 75], [H 80], [M 78], and in our book [AG 96]). However, the paper contains some new 
results, mostly related to the almost Grassmann structures. In particular, in a third-order 
neighborhood we construct a complete system of geometric objects of the almost Grassmann 
structure totally defining its geometric structure. The vanishing of these objects determines 
a locally Grassmann manifold. As for conformal structures, the complete object of the 
almost Grassmann structure is determined in a fourth order differential neighborhood. 

In the theory of almost Grassmann structures, integrable and scmiintcgrablc structures 
play an important role. The integrable almost Grassmann structures are locally Grassmann. 
The condition of semiintegrability of almost Grassmann structures was first found in [M 78] . 
However, the proof in [M 78] has been done in a certain reduced frame bundle. Unlike the 
proof in [M 78] , our proof in Section 4 is given in invariant form. 

In the paper, we consider simultaneously the proper conformal structure CO{n) and the 
pseudoconformal structures CO{p,q) of signature {p,q). 

We find the common properties of conformal and almost Grassmann structures and 
also the differences between them. In particular, we find the structure groups of these 
structures and their differential prolongations. The structure group G of the conformal 
structure CO{p,q) is represented in the form SO{p,q) x H, and the structure group of 
the almost Grassmann structure in the form SL(p) x SL(g) x H, where SO{p,q) is the 
special orthogonal group of signature {p,q): SL(j;). SL((j) are the special linear groups of 
order p and q, respectively; and H is the group of homotheties. For both structures, the 
prolonged group G' is isomorphic to the semidirect product G|x T(n), where T(n) is the 
n-dimcnsional group of parallel translations acting on M , and the |x is the symbol of the 
semidirect product, but n = p + g for the conformal structure and n = pq for the almost 
Grassmann structure. 

The almost Grassmann structure defines on the manifold M two fiber bundles Ea and 
Ep. For the conformal structure, these fiber bundles arise only if p = q = 2. For the 
general almost Grassmann structure and the four-dimensional conformal structure, the first 
nonvanishing structure tensor splits into two subtensors, which are the structure tensors of 
fiber bundles Ea and E/}. For four-dimensional conformal and almost Grassmann structures 
the vanishing of each of these subtensors leads to integrability of the corresponding fiber 
bundle. 



1 Conformal Structures 

1. It is known that at any point x of a pseudo-Euclidean space of signature {p. q), p+q = 
n, there is an isotropic cone Cx{p,q) of second order with vertex at the point x. It is also 
known that by compactification of the space one can construct a pseudoconformal space 
of the same signature. The compactification mentioned above is the enlargement of the 
space Rg by the point at infinity, y = oo, and by the isotropic cone Cy with vertex at this 
point: 

G^ = R-^{}{Gy} 
The space G^ is a homogeneous space with the fundamental group 

f SO(n 2, g -Fl) if n is odd, 
PO(n + 2,g + l^ V >y y 

I 0(n-|- 2,g-|- 1)/Z2 ff n is even. 
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Applying Darboux mapping, we can realize a pseudoconformal space on a hyper- 
quadric Qg in a projective space P"+^. After reduction to a sum of squares, the left-hand 
side of an equation of this hyperquadric will have p+1 positive and q + 1 negative squares. 
Under the Darboux mapping, to the isotropic cones of the space there correspond the 
asymptotic cones of the hyperquadric Qg which are the intersections of the hyperquadric 
Qg with its tangent subspaces: 

Note that for 9 = 0, the cone Cx is imaginary, and for its consideration one must complexify 
the tangent space Cx^ i-c. to enlarge it to the space GTx = Tj; ® C. 

Consider a family of moving frames in the space C^, each of which is made up of two 
points = X and A„^i of general position and n independent liypcrsphcres Ai, i = 
1, . . . ,n, passing through these points. Under the Darboux mapping, this frame will pass 
into a point frame of a projective space such that its points Aq and An+i lie on 

the hyperquadric Q^, and the points Ai, form a basis of the (n — l)-dimcnsional plane of 
intersection of two n-dimensional planes which are tangent to Q^' at the points Aq and 
An+i- If we denote by ( , ) the scalar product of points in the space then the frame 

elements of the frames we have chosen satisfy the following analytical conditions: 

{Aq,Ao)=0, (A„+i,A„+i) = 0, {AQ,Ai)=0, (^„+i,Ai)=0. (1.1) 

In addition, we normalize the points and An+i by the condition 

{Aa,A„+i) = -l. (1.2) 

We will not assume that the hyperspheres Ai are orthogonal and will write their scalar 
products in the form 

{Ai,Aj)=gij, i,j = l,...,n. (1.3) 

(cf. [C 23] and [Y 39]). In the space the hyperquadric Qg has the following equation 

with respect to the chosen frame: 

gijx'x^ - 2a;°a;"+i = 0. (1.4) 

The quadratic form of signature {p, q), i.e. its canonical form contains p positive 

and q negative squares. 

We will write the equations of infinitesimal displacement of the moving frames in the 
form 

dAu=u>lAy, w,w = 0, l,...,n+l, (1.5) 
where are differential 1-forms satisfying the structure equations of the space P"+i: 

du;:=<A<, (1.6) 

which are the integrability conditions of equations (1.5). If we differentiate conditions (1.1)- 
(1.3), we obtain the following equations which the forms wj^ satisfy: 



, — , lO — n , fi j_ , ,n+l _ rv 



and 

dgij = gik^^j + gkji^i- (1.8) 
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By equations (1-7), only the forms Wg, Wg, and ujf are linearly independent. In 
addition, the forms are connected with the fundamental tensor gij by equations (1.8). 

The family of frames we have constructed in the space C" depends on (n+1)^ parameters 
but this number does not coincide with the number r of parameters on which the group 
of conformal transformations of the space depends. The latter number is equal to 
(n + 1)^ — |n(n + 1) where the subtrahend is equal to the number of independent among 
equations (1.8), i.e. r = ^{n+l){n + 2). 

Thus, the structure equations of the conformal space Cg can be written as 

' V5 = 0, 

du) = K Aco — 6 AuJ, 
< dK = —ip A w, (1.9) 

de = if Aw - e AO + (gu) A {ipg~'^), 
d(fi = ipAK — (fA6, 

where g = {gij),'\/g = {dgij - gikto^ - gkju:f),u = (u:'') (where = wj), n = uj^,9 = 
(w*), if = (w"), d is the operator of exterior differentiation, and A is the symbol of exterior 
matrix multiplication. Note that in all exterior products of 1-forms occurring in equations 
(1.9) multiplication is performed row by column: for example, a detailed writing of second 
equation (1.9) has the following form: 

rfw' = Wg ^ - uj] A ujK 

2. A generalization of a conformal space is a conformal structure CO{p, q) defined on a 
differentiable manifold M of dimension n. 

Let M be a differentiable manifold of dimension n = p + q defined over reals R. Consider 
the frame bundle consisting of vectorial frames {ej} and the conjugate coframe bundle {a;*} 
consisting of 1-forms on M such that 

Let 5 be a nondegenerate quadratic form of signature {p, q) (where p + q = n): 

g = gijUj'u^ , i,j,k = l,...,n. (1.10) 

The form g defines a Riemannian metric on M, and the tensor g^j = gji is its metric tensor. 
The 1-form w = {w*} is a vectorial form with its values in Tx{M). This 1-form is defined in 
the first order frame bundle over M. 

A pair (M, g) is called a Riemannian manifold. 

Two Riemannian metrics g and g given on the manifold M are conformally equivalent if 
there exists a function a{x) ^0, x G M, such that 

Definition 1.1 A conformal structure on the manifold M is the collection of all conformally 
equivalent Riemannian metrics given on M. 

Wc will denote such a structure by CO{p,q). Note that on the conformal structure 
C'0{p,q), the form (1.10) is relatively invariant, and on the Riemannian manifold {M,g), it 
is absolutely invariant. 
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Note also that if cr(x) > 0, then the forms g and 1] have the same signature, and if 
ct{x) < 0, then the form g is of signature {q,p). Thus, the structures CO{p, q) and CO{q,p) 
are equivalent: CO{p,q) ~ CO{q,p). 

The equation g = defines in CTx{M) = Tx{M) (g) C a cone Cx of second order and of 
signature {p, q) which is called the isotropic cone: 

Cx = {^^CT,iM)\g{^,i)=0}. 

Conversely, it is easy to see that the structure CO{p, q) is defined on a real manifold M 
by a fibration of cones Cx of second order and of signature {p, q). Thus, 

CO{p,q) = (m, IJ Cx{p,q)\Cx C CT,(M)). 
xeM 

The structure group G of the structure CO{p, q) is locally isomorphic to the subgroup 
of GL(n, R) leaving invariant the cone C^: 

G^SO{p,q) xH, p + q = n, 

where SO(p, q) is the special n-dimcnsional pseudoorthogonal group of signature (p, q) (the 
connected component of the unity of the pseudoorthogonal group 0(p, g)), H is the group 
of homotheties, and = is the symbol of local isomorphism. 
In CTx{M), the action of the group G is as follows: 

G = {7 G Sq(p, g) xH, C e CTx[M)\ 

^Tx = TxMi) = i{OnCx = Cx}. 

It follows that the structure CO{p,q) is a G-structure of first order on M with the 
structure group G. 

3. Let us consider some particular cases and examples of CO{p, g)-structures. 

First, iip = n and q = 0, then we have the proper conformal structure CO{n, 0) = CO{n). 
In this case, the cone Cx is imaginary, and structural group G = 0(n) x H. If < g < n, 
then we have a pseudoconformal structure. For this structure, the cone Cx is real. In 
particular, if p = 1 and q = n—1, then we obtain a pseudoconformal structure of Lorentzian 
type, and if 2 < p < n — 2, the CO{p, q')-structure is called ultrahyperbolic. 

Example 1.2 Since there is an isotropic cone Cx of signature (p, q) at any point x of the 
pseudoconformal space C^ defined in subsection 1, this space carries a CO(p, (7)-structure. 
We will call the GO(p, g)-structurc associated with the space Cg conformally flat. 

It is obvious that the quadric Q'^' , which arises if one apply the Darboux mapping to the 
space C^, carries also a conformally flat CO(p, i3')-structure defined by the asymptotic cones 
of {Cx = 0^ ni^x(O^)) (see subsection 1). 

Example 1.3 Suppose that n = 4. Then there are three CO(p, q')-structures: GO(4, 0)- 
(or CO(4)-), CO(l,3)- and CO(2, 2)-structures. 

On the CO{2, 2)-structure, the cones Cx carry two families of real plane generators, a- 
and /3-planes, that form the isotropic distributions and Ejj on M. Thus, G = SL(2) x 
SL(2) X H. 

On the CO{l, 3)-structure, the cones Cx carry a family of real rectilinear generators and 
two famines of complex plane generators; = Ea and G = SL(2, C) x H = SL(2, C) x H, 
and the groups SL(2, C) and SL(2, C) act concordantly on E^ and E/}. Note that in general 
relativity, Cx are light cones. 

On the C'0(4)-structure, the cones Cx are pure imaginary, E^ and E/^ are self-conjugate: 
Ea = Ea;Ef3 = Ef3;G^ SU(2) x SU(2) x H, where SU(2) is the special two-dimensional 
unitary group. 
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4. The 1-form uj = {w'} is defined in the bundle TZ^{M) of frames of first order. In 
addition to this form, one can invariantly define a matrix 1-form 9 = (wj) and a scalar form 
K in the bundle 'R?{M) of frames of second order, and a covector 1-form ip — (uJi) in the 
bundle TZ^{M) of frames of third order (see [AK 93]). All these forms satisfy the following 
structure equations: 

' V5 = 0, 

dijj = KAu — 6Aw, 
< dK = -ip A UJ, (1-11) 
de = ipAuj-9Ae + (guj) A {(pg~^) + 6, 
d(p = (pAK-(pA9 + ^, 

where, as in formulas (1.9), = (dgij — gik^jj — gujUJi), and the 2-forms 8 = (8*) and 
$ = ($i) are the curvature 2-forms. Note that for 6 = $ = 0, the structure equations 
(1.11) coincide with the structure equations (1.9) of the pseudoconformal space Cg. Thus, 
the space Cg carries the curvature-free CO{p,q)- structure, i.e. the space Cg is conformally 
flat. 

We will now clarify the geometric meaning for the 1-forms 9, k, and 

First, we note that the first of equations (1-11) is the condition for the cone C^ to 
be invariant. As to other equations of (1-11), if = 0, then they become the structure 
equations of a pseudoconformal space Cg in which also = being set (i.e. a point Aq is 
fixed): 

dK = 0, d9^-eA9, dip = ipAK-ipA9. (1.12) 
From equations (1.12) it follows that 

(i) The form k is an invariant form of the group H of homotheties acting in the space 

T,(M). 

(ii) The form 9 is an invariant forms of the special pseudoorthogonal group SO(p, q) leaving 

the points x and y invariant. 

(iii) The forms k, and 9 are invariant forms of the structural group G of the pseudoconformal 

structure CO{p,q) whose transformations leave cone Cx{p,q) invariant. The group G 
is isomorphic to the direct product SO(p, q) x H: 

^^80(^,5) xH. (1.13) 

(iv) The 1-forms 9, k, and are invariant forms of the group C which is a differential 

prolongation of G. The group G' is the group of motions of the space (C^)^ which is 
the compactification of the tangent space Tx{M): {Gg)x = Tx{M) [j Cy, and {Cg)x is 
referred to a frame {x, y, Oj} where are hyperspheres passing through the points x 
and y. 

(v) The covector (p is an invariant form of the group of translations T{p + q) of the pseudo- 

Euclidean space Rg = Gg\Gx whose transformations move the point y. 

Thus, the group G' is isomorphic to the semidirect product Gt< T(p -|- q), i.e. 

G' ^G^T{p + q)^ (SO(p, g) X H) K T{p + q), (1.14) 
and is the group of motions of the space Rg. 
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Since the group G' does not admit further prolongations, a pseudoconformal structure 
CO{p,q) is a G-structure of finite type two (see [S 64] for definition of finite type). 

The structure equations of the CO(p, g)-structure in the form (1.11) can be found in 
[C 23], [Ga 89], [A 85] and [AK 93]. Cartan [C 23] called equations (1.11) the structure 
equations of the normal conformal connection associated with the quadratic form g. Note 
also that while in [C 23] only proper conformal structures were considered, in [C 22a, b] the 
pseudoconformal structures were studied as well. 

5. The forms 

e;- = b)^iLo'' Au)\ $i = CijkLO^ A to'' (1.15) 

appearing in the last two equations of (1.11) are called the curvature forms of the CO{p, q)- 
structure. The quantities 6*^,; are the components of the tensor of conformal curvature (the 
Wcyl tensor) b = {6*^.;} of the CO{p, (7)-structurc, and the quantities c^fe together with 6*^,; 
constitute a homogeneous geometric object (6, c) = {bji^i,Cijk}- The tensor bjj^^ is defined 
in a third-order differential neighborhood of a point x G M. It satisfies all conditions which 
the curvature tensor of a Riemannian manifold satisfies, and in addition, the tensor bj/^i is 
trace- free: 

bU = (1.16) 

(see, for example, the book [E 26]). 

The geometric object (fe, c) is defined in a fourth differential neighborhood of a point 
X G M. If n > 4, the quantities Cijk are expressed linearly in terms of the covariant 
derivatives of the tensor 

Thus, if n > 4 and b = 0, then c = 0, and the CO{p, g')-structure is locally flat. Note 
that if n = 3, then 6 = 0, and the condition c = is the condition for the CO{p, g)-structure 
to be locally flat. 

Since the second equation of (1.11) does not have an exterior quadratic form of type 
(1.15), a CO(p,q)- structure is torsion-free. 

It is proved in [A 83] (see also [AK 93]) that for the CO{2, 2)-structure, the tensor b of 
conformal curvature splits into two subtensors ba and b^: b = ba+b/s, and ba and b/s are the 
curvature tensors of the fibre bundles Ea and Ef^ (see subsection 3). Each of the subtensors 
ba and b/s has five independent components. 

Since for the C0(1, 3)-structure, the fiber bundles Ea and E/s are complex conjugates, 
its curvature tensor admits two complex conjugate representations ba and 6/3, 6^ = ba, 
which themselves are the curvature tensors of the fiber bundles Ea and E^j. For the CO(4)- 
structure, we again have the splitting b = ba+b/3, and the subtensors ba and bjs are self- 
conjugates: ba = ba and b^ = bfj. 

For p + g = 4, a conformal CO{p, g)-structure for which the tensor ba or b/j vanishes is 
called conformally semiflat. If both these tensors vanish, the structure is called conformally 
flat. The conditions which the tensors ba and 6/3 satisfy show that only the CO(2, 2)- and 
CO {4) -structures can be conformally semiflat, and that the CO {1,3) -structure cannot be 
conformally semiflat without being conformally flat. 

It is easy to see that the conformally flat CO {2, 2) -structure is locally isomorphic to the 
structure of the pseudoconformal space C|. 

Finally note that for the (70(4)-structure the notion of local semiflatness is connected 
with the notions of self-duality and anti-self-duality introduced in [AHS 78] . 
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2 Grassmann Structures 



1. Let P" be an n-dimensional projective space. The set of m-dimensional subspaces 

pm pn called the Grassmann manifold, or the Grassmannian, and is denoted by the 
symbol G{m,n). It is well-known that the Grassmannian is a differentiable manifold, and 
that its dimension is equal to p = (m + l){n — m). It will be convenient for us to set 
p = m, + I and q = n — m. Then we have n = p + q — 1. 

Let a subspace = a; be an element of the Grassmannian G{m,n). With any subspace 
X, we associate a family of projective point frames u = 0,1, . . .n, such that the vertices 
Aa, a = 0, 1, . . . , m, of its frames lie in the plane P™, and the points Ai,i = m, + I, . . . ,n, 
lie outside P™ and together with the points Aa make up the frame of the space P". 

We will write the equations of infinitesimal displacement of the moving frames we have 
chosen in the form: 

dAu =OlAy, u,v = 0,...,n. (2.1) 

Since the fundamental group of the space P" is locally isomorphic to the group SL(n + 1), 
the forms 9'!^ are connected by the relation 

O: = 0. (2.2) 

The structure equations of the space P" have the form 

do: = e::A0i. (2.3) 

By (2.3), the exterior differential of the left-hand side of equations (2.1) is identically equal 
to 0, and hence the system of equations (2.1) is completely integrable. 
By (2.1), we have 

dA^ = e^A0 + eiAi. 

It follows that the 1-forms 0^ are basis forms of the Grassmannian. These forms arc linearly 
independent, and their number is equal to p = (m + l){n — m) = pq, i.e. it equals the 
dimension of the Grassmannian G{m,n). We will assume that the integers p and q satisfy 
the inequalities p >2 and q > 2, since for p = I, we have m = 0, and the Grassmannian 
G(0, n) is the projective space P", and for q = 1, we have m = n—1, and the Grassmannian 
G{n — l,n) is isomorphic to the dual projective space (P")*. 

Let us rename the basis forms by setting = and find their exterior differentials: 

dui = e^Auj'0+ujiAei. (2.4) 

Define the trace-free forms 



satisfying the conditions 



^^ = o^^-^6Pj:i, io] = &)-^siel (2.5) 



(2.6) 



Eliminating the forms 9^ and 6*^ from equations (2.4), we find that 

doji^ = (j^ A (ji + oj{ A uj] + K A Lji, (2.7) 



where k = ^9:!^- -^9%, or by (2.2), 



.= (1 + 1).^. (2.8) 
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Setting 

-r = -{l + \)or (2.9) 

and taking the exterior derivatives of equations (2.7) and (2.8), we obtain 



=u;ZAu;^ + -^o;^ A (5f u;^ - p<5>f ), 



(2.10) 



and 

dK = u;fALoi^. (2.11) 
Exterior differentiation of equations (2.9) gives 

dwf =u;i ALO^+Lof Aw'^+ojf Ak. (2.12) 

Finally, exterior differentiation of equations (2.12) leads to identities. 

Thus, the structure equations of the Grassmannian G(m,n) take the form (2.7), (2.10), 
(2.11), and (2.12). This system of differential equations is closed in the sense that its further 
exterior differentiation leads to identities. 

If we fix a subspace x = C P", then we obtain = 0, and equations (2.10) and 
(2.11) become 

dTrf = 7r2 A TT^, dn] = 7r*= A irl, dw = 0, (2.13) 

where tt = k{S), tt^ = ujai^), tt] = ^■(<5), and 5 is the operator of differentiation with respect 
to the fiber parameters of the second order frame bundle associated with the Grassmannian 
G{m,n). Moreover, the forms tt^ and tt* satisfy equations similar to equations (2.6), i.e. 
these forms are trace-free. The forms 7rf arc invariant forms of the group SL(p) which 
is locally isomorphic to the group of projective transformations of the subspace P™. The 
forms TT* are invariant forms of the group SL((7) which is locally isomorphic to the group of 
projective transformations of the bundle of (m + l)-dimensional subspaces of the space P" 
containing P™ . The form tt is an invariant form of the group H = R* Id of the space P" 
with center at P™; here R* is the multiplicative group of real numbers. 

The direct product of these three groups is the structural group G of the Grassmann 
manifold G{m,n): 

G ^ SL{p) X SL{q) X H. (2.14) 
Finally, the forms tt" = to"{S), which by (2.12) satisfy the structure equations 

dnf = ni A TTf + Trf A Trjg + 7rf A tt, (2.15) 

are also fiber forms on the Grassmannian G{m, n) but unlike the forms tt^, nj and tt, they 
are connected with the third-order frame bundle of the Grassmannian G{m,n). 

The forms tt^, 7rj,7r, and tt", satisfying the structure equations (2.13) and (2.15), are 
invariant forms of the group 

G' = G^T{pq) (2.16) 

arising under the differential prolongation of the structure group G of the Grassmannian 
G(m, n). The group G' is the group of motions of an {n — m — l)-quasiaffine space A^_^_i 
(see [R 59]) which is a projective space P" with a fixed m-dimensional subspace P™ = AqA 
A\A.. -AAjn and the generating element P"-™-i = ^m+i A . . . A A„. The dimension of the 
space A^_^_i coincides with the dimension of the Grassmannian G{n — m — 1, n), and this 
dimension is the same as the dimension of the Grassmannian G{'m, n): p = {m + l){n — m) . 
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The forms 7rf are invariant forms of tlie group T{pq) of parallel translations of the space 
and the group G is the stationary subgroup of its element 
In the index-free notation, the structure equations (2.7) and (2.10)-(2.12) of the Grass- 
mannian G{m, n) can be written as follows: 



doj = K Aoj — oj Ai 



AOs = 



7/3 /\ Of) 



p + q 
P 



P + Q 



ll3 Aoj, 

—latv {(fi A to) + pip A CO 
-IjStr {(fi A uj) + qu> A (fi 



(2.17) 



dn = ti (ip A u)), 

dip + daAip + ipA9i3 + KAip = — {aip) A lu, 

where u = (w^) is the matrix 1-form defined in the first-order fiber bundle; k is a scalar 
1-form; 6a. = (w^) and Op = (w*) are the matrix 1-forms defined in a second order fiber 
bundle for which 

tr = 0, tr = 0; 

= [ivf) is a matrix 1-form defined in a third-order fiber bundle; and = {5^) and 
Ip = [51) are the unit tensors of orders p and q, respectively. 

Along with the Grassmannian G(m, n), in the space P" one can consider the dual man- 
ifold G{n — m — l,n). Its base forms are the forms w", and its geometry is identical to that 
of the Grassmannian G{m,n). 

2. With the help of Grassmann coordinates, the Grassmannian G{m, n) can be mapped 
onto a smooth algebraic variety il{m, n) of dimension p = pq embedded into a projective 
space of dimension A'' = (^p') — 1. 

Suppose that x = Aq AAi A . . . A is a point of the variety 0(m, n). Then 

dx = TX + col,ef, (2.18) 

where t = ivq + . . . + lo^^^ and 

= Ao A . . . A A„-i AAiA A^+i A... A Am, 

and the points ef together with the point x determine a basis in the tangent subspace Tx{fl). 
The second differential of the point x satisfies the relation 



d'x^ ^ {u;i4-coi4)ef (mod T.(f2)), 

a</3,i<j 



(2.19) 



where 



e^'^ = Ao A . . . A Aa-i AAiA A^+i A ... A A Aj A Ap+i A ... A A 
are points of the space lying on the variety fl{m,n). The quadratic forms 



(2.20) 



are the second fundamental forms of the variety fl C 

The equations = determine the cone of asymptotic directions of the variety fl at 
a point X gCI. The equations of this cone can be written as follows: 

rank (wj^) = 1. 



(2.21) 
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In view of (2.21), parametric equations of this cone have the form 

= ias', a = 0,1, . . . ,m; i = m + 1, . . . ,n. (2.22) 

If we consider a projectivization of this cone, then ta and s* can be taken as homoge- 
neous coordinates of projective spaces P™ and p"-»"-i. Thus such a projectivization is an 
embedding of the direct product pp^^ x P'^~^ into a projective space PP~^ of dimension 
p — 1. Such an embedding is caUed the Segre variety and is denoted by S{p~ I,? — 1)- This 
is the reason that the cone of asymptotic directions of the variety determined by equations 
(2.21) is called the Segre cone. This cone is denoted by SCxip, <i) since it carries two families 
of plane generators of dimensions p and q. Plane generators from different families of the 
cone SCx{p, q) have a common straight line. It is possible to prove that the cone SCx{p, q) 
is the intersection of the tangent subspace Tx{Q) and the variety 

Cx{p,q) = Tx{n)nn. 

The differential geometry of Grassmannians was studied in detail in the paper [A 82b]. 

3 Almost Grassmann Structures 

1. Now we can define the notion of an almost Grassmann structure. 

Definition 3.1 Let M be a differentiable manifold of dimension pq, and let SC{p, q) be a 
differentiable fibration of Segre cones with the base M such that SCx{M) C Tx{M), x G M. 
The pair [M, SC{p,q)) is said to be an almost Grassmann structure and is denoted by 
AG{p —\,p + q — \). The manifold M endowed with such a structure is said to be an almost 
Grassmann manifold. 

As was the case for Grassmann structures, the almost Grassmann structure AG{p — 
1 ; P + 9 ~ 1) is equivalent to the structure AG{q — l,p-\-q — l) since both of these structures 
are generated on the manifold M by a differentiable family of Segre cones SCx{p, q)- 

Let us consider some examples. 

Example 3.2 The main example of an almost Grassmann structure is the almost Grass- 
mann structure associated with the Grassmannian G{m,n). As we saw, there is a field of 
Segre cones SCx{p, q) = Tx{^) H f^i a; S f2, where p = m + 1 and q = n — m, which defines 
an almost Grassmann structure. 

Example 3.3 Consider a pseudoconformal CO(2, 2)-structure on a four-dimensional man- 
ifold M. The isotropic cones Cx of this structure carry two families of plane generators. 
Hence, these cones are Segre cones SCx{2,2). Therefore, a pseudoconformal CO(2,2)- 
structure is an almost Grassmann structure AG{1,3). 

If we complexify the four-dimensional tangent subspace Tx{M^) and consider Segre cones 
with complex generators, then conformal CO(l,3)- and CO(4, 0)-structures can also be 
considered as complex almost Grassmann structures of the same type AG{1,3). However, 
in this paper, we will consider only real almost Grassmann structures. 

Almost Grassmann structures arise also in the study of multidimensional webs (see [AS 
92] and [G 88]). 
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Example 3.4 Consider a thrcc-web formed on a manifold M^"? of dimension 2q by three 
foliations A„, w = 1, 2, 3, of codimension q which are in general position (see [A 69] and [AS 
92]). 

Through any point x e M^"?, there pass three leaves Tu belonging to the foliations A„. 
In the tangent subspace T^^M'^'^), we consider three subspaces Tx{Tu) which are tangent 
to at the point x. If we take the projectivization of this configuration with center 
at the point x, then we obtain a projective space P^i-^ gf dimension 2q — 1 containing 
three subspaces of dimension q — 1 which are in general position. These three subspaces 
determine a Segre variety S{l,q—1), and the latter variety is the directrix for a Segre cone 
SCx{2, q) C Tx{M'^'^). Thus, on Af^', a field of Segre cones arises, and this field determines 
an almost Grassmann structure on M^"^. 

The structural group of the web W{2), 2, q) is smaller than that of the induced almost 
Grassmann structure, since transformations of this group must keep invariant the subspaces 
Tx{J'^u)- Thus, the structural group of the three- web is the group GL(g). 

Example 3.5 Consider a l)-web W{p+l,p, q) = (Af ; Ai, . . . , Ap+i) formed on a diflfer- 
entiable manifold M of dimension pq hy p + \ foliations A„, u = 1, . . . ,p + 1, of dimension 
q which are in general position on M (see [G 73] or [G 88]). 

As in Example 3.4, the tangent spaces Tx{Tu) define the cone SCx{p,q) D Tx{Tu), and 
the field of these cones defines an almost Grassmann structure AG{p — l,p + q — 1) on M . 

The structural group of the web W{p + l,p,q) is the same group G = GL(q') as for the 
web W{3, 2, q), and this group does depend on p. 

2. The structural group of the almost Grassmann structure is a subgroup of the gen- 
eral linear group G'L{pq) of transformations of the space Tx{M), which leave the cone 
SCx{p, q) C Tx{M) invariant. Wc denote this group by G = GL(p, q). 

To clarify the structure of this group, in the tangent space Tx{M), we consider a family 
of frames {ef }, a = 1, . . . ,p; i = p + 1, . . . ,p + q, such that for any fixed i, the vectors 
ef belong to a p-dimensional generator ^ of the Segre cone SCx{p, q), and for any fixed a, 
the vectors ef belong to a g-dimensional generator 77 of SCx {p, q) ■ In such a frame, the 
equations of the cone SCx{p, q) can be written as follows: 

zl^=tas\ a = l,...,p, i = p+l,...,p + q, (3.1) 

where are the coordinates of a vector z = zl.e" C Tx{M), and ta and are parameters 
on which a vector z C SCx{M) depends. 

The family of frames {ef} attached to the cone SCx{p,q) admits a transformation of 
the form 

'e« = A^A^ef, (3.2) 

where (A^) and (Aj) are nonsingular square matrices of orders p and q, respectively. These 

matrices are not defined uniquely since they admit a multiplication by reciprocal scalars. 
However, they can be made unique by restricting to unimodular matrices {A'^) or {A\): 

det(yl^) = 1 or det(A^) = 1. Thus the structural group of the almost Grassmann structure 
defined by equations (3.2), can be represented in the form 

G = SL(p) X GL{q) ^ GL(p) x SL(g), (3.3) 

where SL(p) and SL(q) are special linear groups of dimension p and q, respectively. Such a 
representation has been used by Hangan [H 66, 68, 80], Goldberg [G 75a] (see also the book 
[G 88], Chapter 2), and Mikhailov [M 78]. Unlike this approach, we will assume that both 
matrices (A^) and {Aj) are unimodular but the right-hand side of equation (3.2) admits a 
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multiplication by a scalar factor. As a result, we obtain a more symmetric representation 
of the group G: 

G = SL(p) X SL(g) X H, (3.4) 

where H = R* (g) Id is the group of homotheties of the Tx{M). 

It follows that an almost Grassmann structure AG{m,n) is a G-structure of first order. 

It follows from condition (3.1) that p-dimensional plane generators $, of the Segre cone 
SCxip,q) are determined by values of the parameters s*, and ta are coordinates of points 
of a generator ^. But a plane generator ^ is not changed if we multiply the parameters s* 
by the same number. Thus, the family of plane generators ^ depends on q — 1 parameters. 

Similarly, g-dimensional plane generators rj of the Segre cone SCx {p, q) are determined 
by values of the parameters t^, and s* arc coordinates of points of a generator rj. But a 
plane generator rj is not changed if we multiply the parameters t^ by the same number. 
Thus, the family of plane generators rj depends on p — 1 parameters. 

The p-dimensional subspaccs ^ form a fiber biuidlc on the manifold . The base of 
this bundle is the manifold M , and its fiber attached to a point a; € M is the set of all 
p-dimensional plane generators ^ of the Segre cone SCx {p, q) ■ The dimension of a fiber is 
g — 1, and it is parametrized by means of a projective space Pa, dimP^ = q — 1. We will 
denote this fiber bundle of p-subspaces by = (M, P^). 

In a similar manner, g-dimensional plane generators r? of the Segre cone SCx{p,q) form 
on M the fiber bundle Efj = {M, Pp) with the base M and fibers of dimension}?— 1 = dimP^. 
The fibers are g-dimensional plane generators rj of the Segre cone SCx{p, q)- 

Consider the manifold Mq, = M x P^ of dimension pq + q — 1. The fiber bundle Ea 
induces on Ma the distribution Aq, of plane elements of dimension q. In a similar manner, 
on the manifold = M x P/} the fiber bundle E/j induces the distribution of plane 
elements rj^ of dimension p. 

Definition 3.6 An almost Grassmann structure AG{p — l,p + q — 1) is said to be a- 
semiintegrable if the distribution A^ is integrable on this structure. Similarly, an almost 

Grassmann structure AG{p — l,p + q — I) is said to be (3-semiintegrable if the distribution 
A^ is integrable on this structure. A structure AG{p — l,p + q — 1) is called integrable if it 
is both a- and /3-semiintegrable. 

Integral manifolds Va of the distribution Aq, of an a-semiintegrable almost Grassmann 
structure are of dimension p. They are projected on the original manifold M in the form 
of a submanifold Va of the same dimension p, which, at any of its points, is tangent to 
the p-subspace ^q, of the fiber bundle Ea- Through each point x G M, there passes a 
(q — l)-parameter family of submanifolds Va- 

Similarly, integral manifolds Vj of the distribution A^g of a /3-scmiintegrablc almost 
Grassmann structure are of dimension q. They are projected on the original manifold M in 
the form of a submanifold Va of the same dimension q, which, at any of its points, is tangent 
to the (jf-subspacc rjp of the fiber bundle Ep. Through each point x G M, there passes a 
{jp — 1) -parameter family of submanifolds Vp. 

If an almost Grassmann structure on M is integrable, then through each point x S M, 
there pass a (5 — l)-parameter family of submanifolds Va and a (p — l)-parameter family of 
submanifolds Vp which were described above. 

The Grassmann structure G(rn, n) is an integrable almost Grassmann structure AG{m, n) 
since through any point x G i7(m, n), onto which the manifold G{m, n) is mapped bijectively 
under the Grassmann mapping, there pass a (q — l)-parameter family of p-dimensional plane 
generators (which are the submanifolds Va) and a (p— l)-parameter family of g-dimensional 
plane generators (which are the submanifolds Vg). In the projective space P", to subman- 
ifolds Va there corresponds a family of m-dimensional subspaces belonging to a subspace 
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of dimension m + 1, and to submanifolds Vjs there corresponds a family of m-dimensional 
subspaces passing through a subspace of dimension m — 1. 

3. We will now write the structure equations which the forms satisfy. These structure 
equations differ from equations (2.7) only by the fact that they contain an additional term 
with the product of the basis forms: 

dui, = A + A + K A wj, + ui^y^Lojj A w^, (3.5) 
where uf^f, = —u2kj^ ^'^'^ ^ earlier (see conditions (2.6)), we have 

uj1^=Q, ujI = 0. (3.6) 

If we prolong equations (3.5), we can see that the quantities as well as the quantities 

■"afc = '^Ydfe ^^'^ ^Jk ~ ""qjI form geometric objects defined in a second-order neighborhood 
of the almost Grassmann structure AG{p — l,p + q — 1). 

The following lemma can be proved (see [AG 96], Section 7.2): 

Lemma 3.7 By a reduction of third- order frames of the almost Grassmann structure AG {p— 
1)P + 9 ~ 1); the geometric objects and can be reduced to 0; 

The reduction indicated in Lemma 3.7 can be carried out by means of the fiber forms 
TT^I and TT^-^ which appear if one finds exterior differentials of the forms u)^ and Wj. 

If we denote by a^^. the values of the quantities u^^. in a reduced third order frame, 

then the quantities satisfy the conditions 

«SI = 0, ai^2=0, (3.7) 

C. = -<t-> (3-8) 

and 

^sa:^%+a:^%^ = 0, (3.9) 

where V.a^^, = Sal% - al%K ^ a^^s-i + <%< + + 

""m = '^m(^)i ""q = '^ai^)- — '^i {^)- This implies the following theorem. 

Theorem 3.8 The quantities a^]., defined in a second-order neighborhood by the reduc- 
tion of third-order frames indicated above, form a relative tensor of weight —1 and satisfy 
conditions (3.7) and (3.8). 

Definition 3.9 The tensor a = {a^^^^.} is said to be the first structure tensor, or the torsion 

tensor, of an almost Grassmann manifold AG{p — l,p + q — 1). 

After the reduction of third-order frames has been made, the first structure equations 
(3.5) become 

duji = A + A + K A wj, + a'fjlJf^ A . (3.10) 

The expressions of the components of the tensor a = {a^^} in the general (not reduced) 
third-order frame was found in [G 75] (see also [G 88], Section 2.2). These expressions are: 
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2/37 ^f^7 

"■ajk — '"■ajk ^ ^2 _ l^Uy^'^lalk] ' "'\a\k] J p^-l"" 

2 

+ 



(p2-l)(g2_l) 

where the alternation is carried out with respect to the pairs of indices (^) , (^) or (^) , (T) , 

J 7 ^7 Z(77 (77 —7 ^7 Z(77 ^7(7 7(7 

and = = u^il = u^l ul ^ w^J === uj^ ^ -uj^^ ^ -u^^^. 

If we prolong equations (3.10) and make a reduction of fourth order frames of the almost 
Grassmann structure AG{p — l,p + q — 1), we will find the following remaining structure 
equations of AG{p — l,p + q — 1) which the forms , w!- and k satisfy: 



-u;ZAcof^^-^^ A col P^l A ) + fef^f A J,, 

du) -u:^^A^l = -E- [5)u:l Aco';- q^] A ^) + b^i'^co'^ A 4, (3.12) 
dn = (jjf A w^, 

where the quantities 6^^^ and are defined in a third-order neighborhood and satisfy 
the conditions 

"aim "ami' jlm "jmV 

Kt = Q, btt = Q, (3-13) 

Note that the last conditions in (3.12) and (3.13) are the result of reduction of fourth-order 
frames mentioned above. 

If we prolong equations (3.12) and set = in the resulting equations, we find that 
the quantities 6^*^ and ftj-f^ satisfy the following equations: 



where the operator V5 is defined in the same way as in formula (3.9), and 6 is the symbol 
of differentiation with respect to the fiber parameters. It follows from equations (3.14) 
that the quantities {b^]^} and {fc*"^} do not form tensors or even homogeneous geometric 

objects but the quantities {^f/m' '^o^I} ^^^^ ^ quantities {^]7m' '^ojli ^ovm linear 
homogeneous objects. They represent two subobjects of the second structure object (or the 
torsion-curvature object) {a^^, b^^, 6]"^} of the almost Grassmann structure 
AG{p-l,p + q-l). 

Moreover, the prolongation of equations (3.12) leads to the following structure equations: 

dwf - Jl A - A a;; + « A u^^ = c.f.^c.;^ A o;^ - ct^^^ A a;^, (3.15) 
where c^^ = -c^. 

In addition, taking exterior derivatives of the last equation of (3.12) and applying (3.10) 
and (3.15), we find the following condition for the quantities c^^^f^: 



= 0- (3-16) 
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Finally, if we prolong equations (3.15), we find that 



'7/3, ,Q I (-^'^P^' 
Ijk "'Sim 



laf3 mS^ 
5ij '^elk 



ma5„hP\, ,£ 
eil ^SkjJ'^n 



wnere vc,.,.i. — ac,.,.^. c,,^. c,.,^. w,- Ciji <^k + ^ijk '^s +^ijk '^s +^ijk '^s- 



^ijk ~ ""-ijk '-Ijk "^i Sifc 

it follows from equation (3.17) that 



(3.17) 

For wj, = 0, 



v5c,^r+3crr^-6: 



Kki^- 



, ,]aS vap-i map e _n 

+ yO'llil '^ejk + O-eij "-/SklJ^m — ^■ 



maf3 jjS\ 



Equations (3.9), (3.13) and (3.18) prove that the quantities {a^ji^, "akm^ 



Ml 



(3.18) 

a/37 



ak7n ' ijfc ' ?j A; 

also form a linear homogeneous object which is called the third structure object of the 
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almost Grassmann structure AG{m,n). Note that the torsion tensor {a^^^l defined in 
a second-order differential neighborhood of a point x G M, the second structure object 



^ajk^ ^aJym' ^jTm I defined in a third-order differential neighborhood of a point x £ M, 



ajk^ akm 



'^'^^ ' ^ivfe' '^tik} defined in a fourth differential 



ijk ' ijk 



and the third structure object {a^ 
neighborhood of a point x € M. 

The structure equations (3.10), (3.12) and (3.15) can be written in the index-free notation 
as follows: 

q 



p + q 
p 

p + q 



— /atr {ip A to) + pip A iJ 
— //jtr {ip A ui) + qu A if 



+ ea. 



(3.19) 



dn = ti {ip A w), 

dip + 6aAip + ipA9i3 + KAip = —{aip) A w + 

where co = (wj^) is a matrix 1-form defined in the first order frame bundle; «; is a scalar 
1-form, 6a = {oj"^) and 6^ = (uj) are the matrix 1-forms defined in the second-order frame 
bundle for which 

tr Oa = 0, tr 00 = 0; 

(p = (wf ) is a matrix 1-form defined in a third-order fiber bundle; 7„ = (^a) ^^'^ ^0 — i^i) 
arc the unit tensors of orders p and q, respectively; the 2-form = (fijj) is the torsion form; 
and the 2-forms 6a = (0^), 0/3 = (0})) and $ = ($f ) are the curvature 2-forms of the 
AG{p — l,p + q— l)-structure. The components of 2-forms fl, 0a, 0/3, and $ are 



0! 



li'l^. ,k A , ,1 



'^13 
$9 



uai6,,,k 



^f}kl '^7 



w"; A w 



<5' 



"7<5, ,1 A , ,fe 



(3.20) 



4. The restrictions of equations (3.19) to a fiber frame bundle, i.e. for w = 0, have the 
form 

d/t = 0, 

dea = -OaAOa, dOp = -00 AOff, (3.21) 
dip = —K A — ^a A — <p A 

From equations (3.21) it follows that 
(1) The form k is an invariant form of the group H of homotheties acting in the space 

r,(M). 



16 



(2) The forms 9a and 6^ are invariant forms of the special Unear groups SL(p) and SL(g), 

respectively. 

(3) The 1-forms K,Oa, and 9f} are invariant forms of the structural group G of the almost 

Grassmann structure AG(m, n) whose transformations leave cone SCxip, q) invariant. 
As noted earlier, the group G is isomorphic to the direct product SL(p) x SL(g) x H: 

G ^ SL(p) X SL(g) x H. (3.22) 

(4) The 1-forms k, 9 a, Of}, and ip are invariant forms of the group G' which is a differential 

prolongation of G. The group G' is isomorphic to the group G|x Tipq) whose subgroup 
T(pg) is defined by the invariant forms ojf. Thus, 

G' ^ (SL(p) X SL(g) x H) |x T{pq). (3.23) 

Since the group G' does not admit further prolongations, an almost Grassmann structure 
AG{m,n) is a G-structure of finite type two. 

In order to describe the group G' geometrically, we compactify the tangent subspace 
Tx{M) by enlarging it by the point at infinity, y = oo, and the Segre cone SCy{p,q) with 
its vertex at this point. Then the manifold Tx{M) D SCy{p, q) is equivalent to the algebraic 
variety ri(p, g). Since the point x, at which the variety ri{p,q) is tangent to the manifold 
M, is fixed, the geometry defined by the group G' on f2(p, q) is equivalent to that of the 
space obtained as a projection of the variety fi(p, q) from the point x onto a flat space of 
dimension pq. The group G' is the group of motions of this space, subgroup G is the isotropy 
group of this space, and the subgroup T{pq) is the subgroup of parallel translations. 

The group G' can be also represented as the group of motions of a projective space P" 
leaving invariant a fixed subspace P™ = x. The subgroup SL(p) of G' is locally isomorphic 
to the group of projective transformations of the subspace P™; the subgroup SL(g) of G' 
is locally isomorphic to the group of transformations in the bundle of (m + l)-dimensional 
subspaces of P" passing through x; its the subgroup H of G' is the group of homotheties with 
its center at x; and the subgroup T{pq) of G' is the group of translations of the subspaces 
y — pi^^™-'^ which are complementary to x = P™ in P". 

5. As it was proved in [G 75] (see also [G 88] and [M 78]), the torsion tensor a = {a^^} 
of an almost Grassmann structure AG{p — l,p + g — 1) satisfying conditions (3.7)-(3.8) 
decomposes into two subtensors: 

a = aa+a0, (3.24) 

where 

= and a, = {al(5)}. 

Note that a^Uk) ~ ^^aj'k a^^*^ ^^ajk'' ~ ^ajjfc]- ^^^^ *° ^^^^^ Components of 

subtensors aa and ap satisfy the conditions similar to conditions (3.8). 
In addition, it is easy to prove that: 

(i) If p = 2, then aa = 0. 

(ii) If q = 2, then = 0. 

There are certain dependencies between three structure objects indicated above. Let us 
set = {6}Xi }, b'^ = {ft^fef }, and {cfj*}. It can be proved that 

(1) If q>2, then the components ofb"^ are expressed in terms of components of the tensor 

a and their Pfafpun derivatives, and the components of c are expressed in terms of 
components of the object {a,b^) and their Pfaffian derivatives. 
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(2) Ifp>2, then the comjjonents of are expressed in terms of components of the tensor 
a and their Pfaffiun derivatives, and the components of c are expressed in terms of 
components of the {a, b^) and their Pfaffian derivatives. 

(iii) Ifp > 2 and q > 2, then the components ofb and c are expressed in terms of components 
of the tensor a and their Pfaffian derivatives. 

However, the tensor a itself is not arbitrary since if we substitute for the components b 
and c their expressions in terms of the tensor a and its Pfaffian derivatives into conditions of 
integrabihty of the structure equations (3.12) and (3.15), we obtain certain algebraic condi- 
tions for the components of the tensor a and its covariant derivatives. The latter conditions 

arc analogues of the; Bianchi equations in the theory of spaces with affine connection. 

The structure object S = {a, b, c} of the almost Grassmann structure AG{p—l,p + q~l) 
is complete in the sense that if we prolong the structure equations (3.19) oi AG{p—l,p+q—l), 
then all newly arising objects arc expressed in terms of the components of the object S and 
their Pfafhan derivatives. This follows from the fact that the almost Grassmann structure 
AG{p — l,p + q — 1) is a G-structure of finite type two. 

Definition 3.10 An almost Grassmann structure AG{p — l,p + q — 1) is said to be locally 
Grassmann (or locally fiat) if it is locally equivalent to a Grassmann structure. 

This means that a locally flat almost Grassmann structure AG{p — l,p + q — 1) admits 
a mapping onto an open domain of the algebraic variety Q{m,n) of a projective space P^ , 

where A''=( ^ ] — 1, m = p — l,n = p + q — 1, under which the Segre cones of the 

\m + lj 

structure AG{p — l,p + q — 1) correspond to the asymptotic cones of variety 0(to, n). 

From the equivalence theorem of E. Cartan (see [C 08] or [Ga 89]), it follows that in order 
for an almost Grassmann structure AG{p—l,p+q—l) to be locally Grassmann, it is necessary 
and suflicient that its structure equations have the form (2.17). Comparing these equations 
with equations (3.19), we see that an almost Grassmann structure AG{p — l,p + q — 1) is 
locally Grassmann if and only if its complete structure object S = (a, 6, c) vanishes. 

However, as was noted above, if p > 2 and q > 2, the components of b are expressed in 
terms of the components of the tensor a and their Pfaffian derivatives, and the components 
of c are expressed in terms of the components of the subobject (a, b) and their PfafSan 
derivatives. Moreover, it can be proved that the vanishing of the tensor a on a manifold M 
carrying an almost Grassmann structure implies the vanishing of the components of b and 
c. 

This implies the following result. 

Theorem 3.11 For p> 2 and q> 2, an almost Grassmann structure AG{p — l,p + q — l) 
is locally Grassmann if and only if its first structure tensor a vanishes. 

4 Semiintegrability of Almost Grassmann Structures 

1. Now wo will prove the following necessary and sufficient conditions for the almost Grass- 
mann structure AG{p — 1,^^ + g — 1) to be a- or /3-semiintegrable. 

Theorem 4.1 (1) If p > 2 and q > 2, then for an almost Grassmann structure AG{p — 
1)P + 9 ~ 1) to be a-semiintegrable, it is necessary and sufficient that the following 
condition holds: ao- = 6^ = 6^ = 0. 
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(2) If p > 2 and q > 2, then for an almost Grassmann structure AG{p — l,p + g — 1) to 
he (3-semiintegrable, it is necessary and sufficient that the following conditions hold: 
ai3 = bl = bl = 0. 

Proof. We will prove part (1) of theorem. The proof of part (2) is similar. 
Suppose that 6a, ol = are basis forms of the subvarieties y^, dimV^ = p, 

indicated in Definition 3.6. Then 

w^ = s'6ic, a=l,...,p; i = p + 1, . . . ,p + g. (4.1) 

For the structure ^G(p — l,p + g— 1) to be a-semiintegrable, it is necessary and sufiicient 
that system (4.1) bo completely integrable. Taking the exterior derivatives of equations (4.1) 
by means of structure equations (3.10), we find that 

(rfs' + s^w) - s'w) A e„ + s\dda - A Qfi) = ai^y^s^s% A 6^. (4.2) 

It follows from these equations that 

d0^-u^Aep = ipiAe0, (4.3) 

where (^^ is an 1-form that is not expressed in terms of the basis forms 9a- 
For brevity, we set 

ipi = ds' + s^Lj'j - s'lj. (4.4) 
Then the exterior quadratic equation (4.2) takes the form: 

i6^aV' + s'vi) ^00= a^lsU'Off A 9^. (4.5) 

From (4.5) it follows that for 0a — 0, the 1-form S^(p'^ + s'^ip^ vanishes: 

5i^\5) + s'^i{5)=Q. (4.6) 

Contracting equation (4.6) with respect to the indices a and /?, we find that 

<^^ = -sV(^), ^i = 5im, (4.7) 

where we set ^p{6) = ^'-pl^- 

It follows from (4.7) that on the subvariety Va, the 1-forms and can be written as 
follows: 

<^» = _sV + s'%, ipi=5i^ + ^a^9^. (4.8) 
Substituting these expressions into equations (4.3) and (4.4), we find that 

dea-ojiA90 = si^e^Aep (4.9) 

where s^p = sff ''^ , and 

ds' + s^uu] - s'k = -s'ip + s'l^Op. (4.10) 
Substituting (4.9) and (4.10) into equation (4.2), we obtain 

- s'si-^ - = a^i^l^sUK (4.11) 

Contracting equation (4.11) with respect to the indices a and /?, we find that 

-2s'sZ' -ps''' + S''' = Q. 
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It follows that 

where we set s'^ = — ^rfSa'''- Substituting (4.12) into (4.11), we find that 



(4.12) 



-n (4.17) 



s\5Zs^ - 6^„s^ - 2s^^) = 2af.;:^s^sK (4.13) 

It follows that 

Sy - Sis-^ - 28i^ = siy, (4.14) 
where s^J = — s^f • Substituting (4.14) into (4.13), we arrive at the equation 

^5/^) (4.15) 

where the alternation sign in the right-hand side was dropped since a^J^,-) = ^^Q^fe'- 

Contracting (4.15) with respect to the indices i and j and taking into account equations 
(3.7) and (3.8), we obtain 

sil = Q. (4.16) 

By (4.15), it follows that 

Thus, we proved that if an almost Grassmann structure AG{p — l,p + q — 1) is a- 
semiintegrable, then its torsion tensor satisfies the condition (4.17), i.e. = 0. 

Since as was noted earlier, for p = 2, the subtensor Oq, = 0, condition (4.17) is identically 
satisfied. Hence while proving sufficiency of this condition for a-semiintegr ability, we must 
assume that p> 2. 

Let us return to equations (4.9) and (4.10). Substitute into equation (4.10) the values 
s*^ taken from (4.12) and set 

ip = ip-s^ef3. (4.18) 
In addition, by (4.16), relations (4.14) imply that 

Then equations (4.9) and (4.10) take the form 

dea-{oj^ + s^ifi)Ae0 = o (4.19) 

and 

d.s' +s^uj'j-s\K-ip) = 0. (4.20) 
Taking the exterior derivatives of (4.20), we obtain the following exterior quadratic equation: 

+ bYkU's'^s'^i AOs = 0, (4.21) 

where 

p + q " ^ 

Next, taking the exterior derivatives of (4.19), we find that 

$ A + b^jW's^ep Ae-yAes = o. (4.22) 

Equation (4.21) shows that the 2-form $ can be written as 

<^ = Alfs''s'e^Aes, (4.23) 
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where the coefficients are symmetric with respect to the lower indices and skew- 
symmetric with respect to the upper indices. Substituting this value of the form $ into 
equations (4.21) and (4.22), we arrive at the conditions: 

''S!+%<=0 (4-24) 

and 

=0. (4.25) 

Contracting equation (4.24) with respect to the indices i and j and equation (4.25) with 
respect to the indices a and /3, we obtain 

2(g + 2)At + h-^ + + b^^ + }^ = (4.26) 

and 

2{p 2) At + bll^ + + bil] + bir, = 0. (4.27) 

Note that for p = 2„ equation (4.25) becomes an identity, and we will not obtain equations 
(4.27). 

If we add equations (4.26) and (4.27) and apply the last condition of (3.13), we find that 

At = 0. (4.28) 
As a result, equations (4.24) and (4.25) take the form 

By the first conditions of (3.13), conditions (4.29) are equivalent to the conditions 

^;i=0' =0. (4.30) 

It follows from equations (4.28) and (4.23) that 

d^=^^±^s''tjlAe^. (4.31) 

Finally, taking the exterior derivatives of equations (4.31) and applying (4.19), (4.20) and 
(3.15), we obtain the condition 

4S = 0- (4-32) 

This equation will not be trivial only if p > 2. It is easy to check that the last condition 
follows from integrability condition (3.16). 

Thus, the system of Pfaffian equations (4.1), defining integral submanifolds of an a- 
scmiintograblo almost Grassmann structure, together with Pfaffian equations (4.10) and 
(4.31) following from (4.1) is completely integrable if and only if conditions (4.17) and 
(4.30) are satisfied. This concludes the proof of part (I) of the theorem. 

We introduce the following notations: 

'^a — l"(j7ci)J' °a — \Oakl J' — \C(ijk) h 



Note that for p = 2, we have b^ = and Cq. = 0; for g = 2, we have b^ = and = 0; 
for p > 2, we have Ca = 0; and for g > 2, we have = 0. 
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By equations (3.14), the quantities indicated above and the subtensors and form 
the foUowing geometric objects: 

(a„,&i), (acbl), Sa = {aa,bl,bl), 
(a/3, b})), {ap, = {ap, 6^, bj), 

which are subobjects of the second structural object and the complete structural object of 
the almost Grassmann structure. 

Now we consider the cases p = 2 and q = 2. For definiteness, we take the case p = 2. 
As we have already seen, for = 2, the tensor as well as the quantities 6^ and Ca 
vanish: = 6^ = Cq = 0, and the object 6^ becomes a tensor. Thus, the vanishing of 
this tensor is necessary and sufficient for the almost Grassmann structure AG{l,q+ 1) to 
be a-semiintegrable. 

Hence we have proved the following result. 

Theorem 4.2 (1) If p = 2, then the structure subobject Sa consists only of the tensor 6^, 
and the vanishing of this tensor is necessary and sufficient for the almost Grassmann 
structure AG{1, q + 1) to be a-semiintegrable. 

(2) Ifq = 2, then the structure subobject Sp consists only of the tensor b'^^, and the vanishing 

of this tensor is necessary and sufficient for the almost Grassmann structure AG{p — 
l,p + 1) {which is equivalent to the structure AG{l,p + 1)) to be f3-semiintegrable. 

(3) If p = q = 2, then the complete structural object S consists only of the tensors 6^ and 

6^, and the vanishing of one of these tensors is necessary and sufficient for the almost 
Grassmann structure AG{1,3) to be a- and jS-semiintegrable, respectively. I 

We will make two more remarks: 

1) The tensors 6^ and &| are defined in a third-order differential neighborhood of the almost 

Grassmann structure. 

2) As was indicated earlier, for p = q = 2, the almost Grassmann structure AG{1,3) is 

equivalent to the conformal CO{2, 2)-structure. Thus, by results of subsection 1.5, we 
have the following decomposition of its complete structural object: S = bl^+b^. This 
matches the splitting of the tensor of conformal curvature of the C0{2, 2)-structure: 
b = ba+b0. 

If p = 2 or g = 2, the conditions for an almost Grassmann structure to be semifiat or fiat 
are connected with a differential neighborhood of third order and cannot be expressed in 
terms of the torsion tensor a. The reason for this is that if g = 2, then, as we noted earlier, 
the tensor Ofj automatically vanishes, and if p = 2, then the same is true for the tensor a„. 

Finally, if p = q = 2, then for the almost Grassmann structure AG {1,3) we have a = 0, 
and the conditions for an AG(1, 3)-structure to be semifiat or fiat are connected with a 
differential neighborhood of third order of the manifold. 

In fact, if p = g = 2, then the almost Grassmann structure ^G(l,3) is equivalent to 
the C0{2, 2)-structure. As equations (1.11) show, the torsion tensor of the latter structure 
vanishes, and the conditions for a CO{2, 2)-structurc to be scmiintcgrable or intcgrable are 
expressed in terms of the tensor of conformal curvature which is defined in a differential 
neighborhood of third order of the manifold. 
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2. The following table presents the similarities and differences between the conformal 
structures CO{p,q) and almost Grassmann structures AG{m,ri): 



# 


Property 


CO{p,q) 


>lG(m, n) 


1 

± . 


Him A/f 

tjllli iKZ 


n = p -\- Q 


n = p ■ q, 

p = m + l, q = n — m 


9 


1 1^ n V"} fiTi T /^/~tn CT 

1 t iUUil CUil Li t^Uti^b 

ruction in Tx{M) 


Cx{p, q) 


SC4p,q) 


■3 
o. 


\J 1 U.C-/ UJ 

G-structure 


V — 1 


Q — 1 
O -L 


4 


Dill UiL-vUil yiuUjp 




(7 ~ ST. ('77'! X ST. Col X TT 


5. 


± 1 UliU 1 tUC-tti 

structure group 




G' — GlK T(7) • 


6. 


Type of 


t = 2 


t = 2 


7. 


Existence of 
torsion 


torsion-free 


torsion exists 


8. 


Complete 
structure object 


{6,c} 


{a, b, c} 


9. 


Local space 






10. 


Locally flat 
structure 




G{m, n) 


11. 


Existence of 
isotropic bundles 


p = g = 2: 
£;a(Af,SL(2)) and 
E0{M, SL(2)) 


for all p and q: 
E„{M,S\.{p)) and 
i;^(M,SL(g)) 


12. 


p + q = p-q^ 
p = q = 2 


CO(2,2) 


AG{1,^) 
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